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On rotational surfaces in pseudo-Euclidean space 
with pointwise 1-type Gauss map 

Burcu Bekta§, Elif Ozkara Canfes and Ugur Dursun 


Abstract 

In this work, we study some classes of rotational surfaces in the pseudo- 
Euclidean space Ej with profile curves lying in 2-dimensional planes. First, 
we determine all such surfaces in the Minkowski 4-space E^ with pointwise 1- 
type Gauss map of the first kind and second kind. Then, we obtain rotational 
surfaces in E| with zero mean curvature and having pointwise 1-type Gauss 
map of second kind. 


1 Introduction 

In late 1970, B.-Y. Chen introdnced the concept of hnite type snbmanifolds of En- 
clidean space, [3]. Since then many works have been done to characterize or classify 
snbmanifolds of Enclidean space or psendo-Enclidean space in terms of hnite type. 
Then the notion of hnite type was extended to diherentiable maps, in particular Gauss 
map of submanifolds by B.-Y. Chen and P. Piccinni, [1]. A smooth map d on a sub¬ 
manifold M of a Euclidean space or a pseudo Euclidean space is said to be finite type 
if (f) has a hnite spectral resolution, that is, = fio + Ylt=i 4>t-i where fio is a constant 
vector and fits are non-constant maps such that A fit = Xtfit, A* G M, t = 1, 2, • • • ,k. 

If a submanifold M of a Euclidean space or a pseudo-Euclidean space has 1-type 
Gauss map u, then i/ satishes An = X{n -|- C) for some A G M and for some constant 
vector C. Also, it has been seen that the equation 

An = fin + C) (1.1) 

is satished for some smooth function f on M and some constant vector C by the 
Gauss map of some submanifolds such as helicoid, catenoid, right cones in and 
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Enneper’s hypersurfaces in PdQ]. A submanifold of a Euclidean or a pseudo- 

Euclidean space is said to have pointwise 1-type Gauss map if it satishes fll.ip . A 
submanifold with pointwise 1-type Gauss map is said to be of the first kind if C is 
the zero vector. Otherwise, it is said to be of the second kind. 

Remark 1.1. For an n-dimensional plane M in a pseudo-Euclidean space, the Gauss 
map V is constant and Az/ = 0. For / = 0 if we write Azz = O.n, then M has pointwise 
1-type Gauss map of the hrst kind. If we choose C = —v for any nonzero smooth 
function /, then fll.ip holds. In this case, M has pointwise 1-type Gauss map of the 
second kind. Therefore we say that an n-dimensional plane M in a pseudo-Euclidean 
space is a trivial pseudo-Riemannian submanifold with pointwise 1-type Gauss map 
of the hrst kind and the second kind. 

The classihcation of ruled surfaces and rational surfaces in Ef with pointwise 1- 
type Gauss map were studied in [51 [S]. Also, in [B] and [12], a characterization of 
rotational hypersurface and a complete classihcation of cylindrical and non-cylindrical 
surfaces in Wfi were obtained, respectively. 

The complete classihcation of Vranceanu rotational surfaces in the pseudo-Euclidean 
E 2 with pointwise 1-type Gauss map was obtained in m, and it was proved that a 
hat rotational surface in E 2 with pointwise 1-type Gauss map is either the product 
of two plane hyperbolas or the product of a plane circle and a plane hyperbola. 

Recently, a classihcation of hat spacelike and timelike rotational surfaces in E^ 
with pointwise 1-type Gauss map were given 017]. 

In this article, we present some results on rotational surfaces in the pseudo- 
Euclidean space E^ with prohle curves lying in 2-dimensional planes and having 
pointwise 1-type Gauss map. First, we give classihcation of all such surfaces in the 
Minkowski space Ef dehned by fl2.9p . called double rotational surface, with pointwise 
1-type Gauss map of the hrst kind. Then, we show that there exists no a non-planar 
timelike double rotational surface in E^ with hat normal bundle and pointwise 1- 
type Gauss map of the second kind. Finally, we determine the rotational surfaces in 
the pseudo-Euclidean E 2 dehned by fl2.21|) and fl2.22p with zero mean curvature and 
pointwise 1-type Gauss map of the second kind. 

2 Preliminaries 

Let E™ denote m-dimensional pseudo-Euclidean space with the canonical metric given 
by 

m—t m 

g = ^dxl- ^ dx], 

1=1 j=m—t-\-l 

where (xi, 0 : 2 , • • •, x^) is a rectangular coordinate system in E™. 
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We put 

r^) = {x e E™ I {x — xo,x — xo) = , (2.1) 

-r'^) = [xe E™ | {x-Xq,x- Xq) = -r"^} , (2.2) 

where (,) is the indehnite inner product associated to g. Then §™“^(xo,r^) and 
~^^) are complete pseudo-Riemannian manifolds of constant curvature 
and —r^, respectively. We denote §™“^(a;o,r^) and W[l~^{xQ,—r‘^) by §™“^(r^) and 
IHI))!d^(—r^) when xq is the origin. In particular, E™, §™“^(xo,r^) and ]H[™“^(a:o, —r^) 
are known as the Minkowski, de Sitter, and anti-de Sitter spaces, respectively. 

A vector v G E™ is called spacelike (resp., timelike) if {v,v) > 0 or n = 0 (resp., 
{v, v) < 0). A vector v is called lightlike if {v, v) = 0, and n 7 ^ 0. 

Let M be an oriented n-dimensional pseudo-Riemannian submanifold in an m- 
dimensional pseudo-Euclidean space E™. We choose an oriented local orthonormal 
frame {ci,..., Cm} on M with ea = (ga, ga) = ±1 such that Ci,..., e„ are tangent to 
M and Cn+i,... ,Gm are normal to M. We use the following convention on the range 
of indices: 1 < i, j, k,... < n, n + 1 < r, s,t,... < m. 

Let V be the Levi-Civita connection of E™ and V the induced connection on 
M. Denote by the dual frame and by {uab}, B = the 

connection forms associated to {ci,..., 6 ^}- Then we have 

n m 

^^SjUJij{ek)ej -f ^ ^ Srh^f^Cr, 
j=l r=n-\-l 

m m 

^ ^ 6sUJrs(A'k)^S'i ^ ^ 

5 =n+l s=n-\-l 

where D is the normal connection, K, the coefficients of the second fundamental form 
h, and the Weingarten map in the direction e^. 

The mean curvature vector H and the squared length ||h|p of the second funda¬ 
mental form h are dehned, respectively, by 

H = - y^ EiSrhl^er (2.3) 

i^r 

and 

Whf = Y,e,e,eA':,hp (2.4) 

i,j,r 

A submanifold M is said to have parallel mean curvature vector H if DH = 0 
identically. 

n 

The gradient of a smooth function / on M is dehned by V/ = ^iGi{f)Gi, and 

i=l 

n 

the Laplace operator acting on M is A = ^ EiiVeiGi — GiCi). 

i=l 


'^ei.Gi — 
VefcCj. = 
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The Codazzi equation of M in E™ is given by 

n m /2.5') 

h'jkA = oiKjk) -'^ee + h}-uu{ei)) + ^ 

£=1 s=n+l 

Also, from the Ricci equation of M in E™, we have 

n 

R^{ej, Cfc; e^, e,) = ([A^, A,](ej), e^,) = ^ei , (2.6) 

i=l 

where is the normal curvature tensor. 

A submanifold M in E™ is said to have flat normal bundle if R^ vanishes identi¬ 
cally. 

Let G{m — n, m) be the Grassmannian manifold consisting of all oriented {m — n)- 
planes through the origin of an m-dimensional pseudo-Euclidean space E™ with index 
t and the vector space obtained by the exterior product of m — n vectors 

in E™. Let /*! A • • • A /j^_„ and ( 7*1 A • ■ • A be two vectors in E™, where 

{/ij f 2 , ■ ■ ■, fm} and {gi, g 2 ,..., gm} are two orthonormal bases of E™. Dehne an 
indefinite inner product ((,)) on by 

{{fii A • • • A fi^_^,gi, A • • • A gi^_„)) = det{{fi^,gj^)). (2.7) 

Therefore, for some positive integer s, we may identify E)” with some pseudo- 

Euclidean space E^, where N = The map z/ : M —)■ G(m — n,m) C E^ from 

an oriented pseudo-Riemannian submanifold M into G{m — n, m) defined by 


^ip) = (cn+i A en+2 A • • • A em){p) 


( 2 . 8 ) 


is called the Gauss map of M which assigns to a point p in M the oriented (m — n)- 
plane through the origin of E™ and parallel to the normal space of M at p, [m. 

We put e = {{u, v)) = en+i£n +2 • • • = ±1 and 


r Sf-^(l) in Ef if £ = 1 

\ Hf_-/(-l) in Ef if£ = -l. 


Then the Gauss image u{M) can be viewed as i/{M) C Mf ^(e). 


2.1 Rotational surfaces in with profile curves lying in 2- 
p lanes 

We consider timelike rotational surfaces in the Minkowski space Ef whose profile 
curves lie in timelike 2-planes. By choosing a profile curve 7 ( 5 ) = (a;(s), 0, 0, tc(s)) 
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in the a:z/;-plane defined on an open interval / in M. We can parametrize a timelike 
rotational surface in Ef as follows 


M : r{s,t) = {x{s) cos at, x{s) sin at, w{s) sinh bt,w{s) cosh bt), (2.9) 


where s is the arc lenght parameter of 7 , s G M and t G (0, 27r). The rotational surface 
M is called a double rotational surface in E^. Then, x''^{s) — = —1 and the 

curvature k of 7 is given by /«(s) = w'{s)x''{s) — x'{s)w''{s). 

We form the following orthonormal moving frame field { 61 , 62 , 63 , 64 } on M such 
that 61, 62 are tangent to M, and 63, 64 are normal to M: 


61 


63 

64 


d Id 

9s ’ qdt’ 

{w'{s) cos at, w'{s) sin at, x'{s) sinh bt, x'(s) cosh bt), 
-(bw(s) sin at, —bw{s) cos at, ax{s) cosh bt, ax{s) sinh bt). 


( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 


where q = -ya2a)2{s)~+”Pt6^{^ and £1 = — 1 , £2 = £3 = £4 = 1 - 

By a direct computation, we have the components of the second fundamental form 
and the connection forms as follows 


= k{ 


hu = ^11 = ^22 = 


<^ 12 ( 61 ) — 0 , 


<^ 34 ( 61 ) — 0 , 


- 

a^ x{s)w'{s) + b‘^w{s)x'{s) 

(2.13) 

'^22 

a‘^x‘^{s) + b‘^w'^{s) ’ 

h{,= 

1 ^ 12 ( 62 ) = 

ab{x{s)w'{s) — w(s)x'(s)) 

(2.14) 

(2.15) 

a^x^(s) + b^w^(s) ’ 

a^x(s)x'(s) + b^w(s)w'(s) 

a^x^(s) + b^w^(s) 

1 ^ 34 ( 62 ) = 

ab(x(s)x'(s) — w{s)w'{s)) 

(2.16) 

a?x‘^{s) + h‘^w‘^{s) 


Hence we obtain the mean curvature vector and the normal curvature of M from 
fl2.3p and fl2.6p . respectively, as 


^ ~ 2 ^^22 ^ll)c3) 

R°(e,,e2;e3,e,) = hyh], + hl^). 


(2.17) 

(2.18) 


On the other hand, from the Codazzi equation fl2.5l) we have 

= “<^ 12 ( 62 ) (h{i + /i 22 ) ~ ^12'^34(62), (2-19) 

ei(^t2) = -2h}2a;i2(e2) +/iiia;34(e2). (2.20) 


2.2 Rotational surfaces in Ef with profile curves lying in 2— 
planes 

In the pseudo-Euclidean space E 2 , we consider two rotational surfaces whose profile 
curves he in 2 -planes. 
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First, we choose a profile curve a in the yic-plane as q;(s) = (0, y(s), 0, t(;(s)) 
dehned on an open interval / C M. Then the parametrization of the rotational 
surface Mi{b) in E 2 is given by 

Miib) : ri{s,t) = {w{s) smh.t,y(s) cosh.{bt),y(s) smh.{bt),w(s) cosh t), ( 2 . 21 ) 


for some constant 6 > 0 , where s G / and t G M. 

Secondly, we choose a prohle curve {3 in the xz-plane as /3(s) = (a;(s), 0, 2 ;(s), 0) 
dehned on an open interval J C M. Then the parametrization of the rotational surface 
M 2 ( 6 ) in E 2 is given by 

M 2 {b) : r 2 {s,t) = {x{s) cost,x{s) smt, z{s) cos{bt), z{s) sm{bt)), ( 2 . 22 ) 


for some constant 6 > 0, where s G / and t G (0, 27r). 

Now, for the rotational surface Mi{b) dehned by fl2.2ip . we consider the following 
orthonormal moving frame held { 61 , 62 , 63 , 64 } on Mi( 6 ) such that 61,62 are tangent 
to Ml ( 6 ), and 63, 64 are normal to Mi ( 6 ): 


61 


63 


64 


Id Id 


qdO Ads' 

— (y'(s) sinht, w\s) cosh{bf),w'{s) sinh( 6 t), y'{s) cosht), 
ss* 

- {by{s) cosht, w{s) smh{bt),w{s) cosh( 6 f), by{s) sinht). 


q 


(2.23) 

(2.24) 

(2.25) 


where A = \/e{y'‘^{s) — w'‘^{s)) 7 ^ 0, g = — b'^y'^{s)) 7 ^ 0, and 6 = 

sgn(^'^(s) — M^(s)), 6 * = sgn(t(;^(s) — b‘^y‘^{s)). Then, £1 = —£4 = £*, £2 = —£3 = £. 

By a direct calculation, we have the components of the second fundamental form 
and the connection forms as follows 


h\i = -^{b^y{s)w\s) - w{s)y\s)), hl^ = ^(M(s) 2 /"(s) 


^12 


^12(61) 

<^34(61) 


ee*b 

Aq^ 

1 

Aq^ 

ee*b 

Aq^ 


{w{s)y\s) - y{s)w\s)), hl^ = = 0 , 

{b^y{s)y'{s) - w{s)w’{s)), ^ 12 ( 62 ) = 0 , 

'w{s)w\s) - y{s)y\s)), ^ 34 ( 62 ) = 0 . 


y\s)w"{s)), 

(2.26) 

(2.27) 

(2.28) 
(2.29) 


Similarly, for the rotational surface M 2 ( 6 ) dehned by fl2.22|) . we consider the fol¬ 
lowing orthonormal moving frame held { 61 , 62 , 63 , 64 } on M 2 {b) such that 64,62 are 
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tangent to M 2 {b), and 63,64 are normal to M 2 {b): 


1 d 


1 d 


63 = -j{z'{s) cost, z'{s) sint, x'{s) cos{bt), x'{s) sm{bt)), (2-31) 

ee* 

64 = — —(bz(s)smt,—bz(s)cost,x(s)sm(bt),—x(s)cos(bt)), (2.32) 

Q 

where A = ^ye{x''^{s) — z'‘^{s)) ^ 0,q = ^ye*{x'^{s) — b‘^z'^{s)) ^ 0,e = sgn(x'^(s) — z'"^ 
and e* = sgn(a;^(s) — b‘^z‘^{s)). Then, Si = —64 = e*, 82 = —£3 = £. 

By a direct compntation, we have the components of the second fnndamental form 
and the connection forms as follows 

- a;(s) 2 ;'(s)), hl^ = i(^'(s)x"(s) - x'(s) 2 ;"(s)), (2.33) 


ee*b, 


K2 = = h\i = ^22 = 0 , 

1 


t^i 2 (ei) = z{s)z'{s) - x{s)x\s)), 0212 ( 62 ) = 0 , 

t^ 34 (ei) = ^^{z{s)z'{s) - x{s)x'{s)), 0234 ( 62 ) = 0 . 


(2.34) 

(2.35) 

(2.36) 


Therefore, we have the mean curvatnre vector and normal cnrvatnre for the rota¬ 
tional snrfaces Mi{b) and M 2 ( 6 ) as follows 

1 


H — —-{8e*hli + 


i?^(ei,62;63,64) = e*h\A- 


(2.37) 

(2.38) 


On the other hand, by nsing the Codazzi equation fl2.5l) we obtain 

62 (^ 11 ) = e*h\ 2 UJu{ei)+uJi 2 {ei){e*hl^-ehl^), (2.39) 

62 (^ 12 ) = -£h220;34(6i) + 26*/ii202i2(ei). (2.40) 


The rotational surfaces Mi{b) and M 2 ( 6 ) dehned by fl2.2ip and fl2.22p for 6 = 1, 
x{s) = y{s) = f{s) sinhs and z{s) = w{s) = f{s) coshs are also known as Vranceanu 
rotational surface, where /(s) is a smooth function, [S]. 


3 Rotational surfaces in Ef with pointwise 1—type 
Gauss map 

In this section, we study rotational surfaces in the Minkowski space dehned by 
02.91) with pointwise 1-type Gauss map. 

By a direct calculation, the Laplacian of the Gauss map u for an n-dimensional 
submanifold M in a pseudo-Euclidean space E”"*"^ is obtained as follows: 
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Lemma 3.1. Let M be an n-dimensional submanifold of a pseudo-Euclidean space 
Then, the Laplacian of the Gauss map n = e„+i A en +2 is given by 


Au =\\h\\‘^u + 2'^ejekR^{ej,ek;en+i,en+2)ej A 

j<k 

+ V(trv 4 „+i) A en +2 + Cn+l A V(try 4 „_|_ 2 ) ( 3 - 1 ) 

n 

-|- n ^ EjU)(^n+l){n+2){,ej'jH A Cj, 

i=i 

where ||/i|P is the squared length of the second fundamental form, the normal 
curvature tensor, and'S/{irAr) the gradient of trAr. 

Let M be a surface in the pseudo-Euclidean space E^. We choose a local or¬ 
thonormal frame held {61,62,63,64} on M such that 61,62 are tangent to M, and 
63,64 are normal to M. Let C he a vector held in A^E^ = E®. Since the set 
{ca a 6 b |1 < A < B < 4 } is an orthonormal basis for E®, the vector C can be 
expressed as 

C= ^ saSbCab gb, (3.2) 

1<A<B<4 

where Cab = {C, 6 a A 6 ^). 

Lemma 3.2. A vector C in A^E^ = E® written by fl3.2l) is constant if and only if the 


following equations are satisfied for i = 1,2 

Ci (1^12) =63/1^2^13 + £ih^ 2 Ci 4 — 63/1^16*23 — 64/1^1(724, ( 3 - 3 ) 

G (6*13) = — 62/1^2^12 + 64 a; 34 (ej)( 7 i 4 -|- 62 Ci;i 2 (ej )(723 — 64/1^^(734, ( 3 - 4 ) 

G (6*14) = — 62/1^26*12 — 63^34(6j)(7i3 -|- 620212(64)(724 + £3 /^u6'34, ( 3 - 5 ) 

G {C23) =61/1^1 ( 7 i 2 — 610212(64)( 7 i 3 4 - 640234(64 )(724 — 64/1^3(734, ( 3 . 6 ) 

64 (C24) =6i/lfi(7i2 — 6 i02i2(64)(7i 4 — 630234(e4)(723 -|- 63/1^2^34, ( 3 - 7 ) 

G (6*34) =6i/lfi(7i3 — 6i/lfi(7i4 - 1 - 63/1^2(723 ~ £ 2 h%C 24 - ( 3 - 8 ) 


Using fl 3 .ip the following results can be stated for the characterization of timelike 
surfaces in E{ with pointwise Hype Gauss map of the hrst kind. 

Theorem 3.3. Let M be an oriented timelike surface with zero mean curvature in 
E{. Then M has pointwise 1-type Gauss map of the first kind if and only if M has 
flat normal bundle. Hence the Gauss map v satisfies fll.lj) for f = ||/i|p and (7 = 0 . 


Theorem 3.4. Let M be an oriented timelike surface with nonzero mean curvature 
in E{. Then M has pointwise 1-type Gauss map of the first kind if and only if M 
has parallel mean curvature veetor. 






On rotational surfaces with pointwise 1-type Gauss map 


9 


We will classify timelike rotational surface in defined by fl2.9p with pointwise 
1-type Gauss map of the first kind by using the above theorems. 

Theorem 3.5. Let M he a timelike rotational surface in Ef defined by fl2.9p . Then 
M has zero mean curvature, and its normal bundle is flat if and only if M is an open 
part of a timelike plane in E^. 

Proof. Let M be a timelike rotational surface in E^ given by fl2.9p . Then there exists a 
frame field {ci, 62 , 63 , 64 } defined on M given by fl2.10l) - fl2.12l) . and the components of 
the second fundamental forms are given by fl2.13l) and fl2.14p . Since M has zero mean 
curvature, and its normal bundle is flat, then fl2.17p and fl2.18|) imply, respectively, 

= 0, (3.9) 

hUf^ + hl,) = 0 (3.10) 

as = K, where k, is the curvature of the prohle curve of M. By using fl3.9p and 
fl3.10p we obtain = 0 which implies either k = 0 or h \2 = 0. 

Case 1. K = 0. Then the prohle curve of M is a line. We can parametrize the line 
as 


a:(s) = xqs + xi, t(;(s) = tcos +'fi’i (3-11) 

for some constants Xq, Xi, Wq, zci G M with — Wq = —1. From fl3.9p we also have 
^22 = 0. By using the second equation in fl2.13p and fl3.1ip we obtain 

3 (a^ + b‘^)xQWos + a^xiWo + b'^xoWi 

a‘^{xoS + Xif + b'^{woS + Wif 

which gives 


(a^ + h^)xoWo = 0, 

a^xiWQ + b'^wiXQ = 0 . 


(3.12) 

(3.13) 


From fl3.12p if wq = 0, then Xq = — 1 which is inconsistent equation. Hence, tco 7 ^ 0 
and xo = 0, and thus wq = ±1. Also, from (I3.13p we get xi = 0. Thus, x = 0 which 
implies that M is an open part of the timelike 2 :ic-plane. 

Case 2. /142 = 0. From the hrst equation in fl2.14l) we have the differential equation 
xw' — wx' = 0 that gives x = cqw where cq is a constant. Therefore, the prohle curve 
of M is an open part of a line passing through the origin. Since the curvature k is 
zero, we have h\^ = 0, and thus /i |2 = 0 because of fl3.9p . From the second equation 
in fl2.13p we get Co(a^ + h‘^)ww' = 0 which implies that Cq = 0, i.e., x = 0. Therefore 
M is an open part of the timelike zw-plane. 

In view of Remark ll.il the converse of the proof is trivial. □ 


By Theorem 13.31 and Theorem 13.51 we state 
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Corollary 3.6. There exists no non-planar timelike surface with zero mean curvature 
in defined by fl2.9p with pointwise 1-type Gauss map of the first kind. 

Now, we focus on timelike rotational surfaces in E| with parallel nonzero mean 
curvature vector to obtain surfaces in Ef defined by fl2.9p with pointwise 1-type Gauss 
map of the hrst kind. 


Theorem 3.7. A timelike rotational surface in E^ defined by fl2.9l) has parallel 
nonzero mean curvature vector if and only if it is an open part of the timelike surface 
defined by 


s s s 

F(s, f) = (ro cosh (—) cos at, rocoshf—) sin at, rosinhf—)sinh 6 t, 
ro ro ro 

ro sinh(—) cosh bt) 
ro 


(3.14) 


which has zero mean curvature in the de Sitter space C E^. 

Proof. Let M be a timelike rotational surface in E^ dehned by fl2.9l) . Then, we have 
an orthonormal moving frame {ei, 62 , 63 , 64 } on M in Ef given by fl2.10p - fl2.12p . and 
the components of the second fundamental forms are given by fl2.13p and (12.141) . 
Suppose that the mean curvature vector H is parallel, i.e., De.H = 0 for z = 1, 2. By 
considering fl2.16l) and fl2.17p we have 


De,H 


ab{hl ^2 ~ h\f){xx' — ww') 


64 = 0. 


Since M has nonzero mean curvature, this equation reduces xx' — ww' = 0 that 
implies x"^ — w'^ = po, where po is a real number. Since 7 is a timelike curve with 
parametrized by arc length parameter s, we can choose ^0 = r^ and the components 
of 7 as 

x(s) = rocosh—, zi'(s) = ro sinh—. 

ro ro 

Therefore, M is an open part of the timelike surface given by fl3.14p which is minimal 
in the de Sitter space C Ef. 

The converse of the proof follows from a direct calculation. □ 


Considering Theorem 13.41 and Theorem 13.71 we state the following: 


Corollary 3.8. A timelike rotational surface M with nonzero mean curvature in Ef 
defined by fl2.9p has pointwise 1-type Gauss map of the first kind if and only if it is 
an open part of the surface given by fl3.14p . 


By combining fl3.5p and fl3.7p we obtain the following classihcation theorem: 
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Theorem 3.9. Let M be a timelike rotational surface in defined by fl2.9p . Then 
M has pointwise 1-type Gauss map of the first kind if and only if M is an open part of 
a timelike plane or the surface given by fl3.14p . Moreover, the Gauss map n = e^ A 64 
of the surface fl3.14p satisfies fll.ip for C = 0 and the function 


f = 


1 - 


1%^ 


(a^ cosh"^(^) + 62sinh"^(^))2 


Note that there is no non-planar timelike rotational surface in dehned by fl2.9p 
with global 1-type Gauss map of the first kind. 

Now, we investigate timelike rotational surfaces in Ef defined by fl2.9p with point- 
wise 1-type Gauss map of the second kind. 


Theorem 3.10. A timelike rotational surface M in E^ defined by fl2.9p with flat 
normal bundle has pointwise 1-type Gauss map of the second kind if and only if M 
is an open part of a timelike plane in Ef. 


Proof. Let M be a timelike rotational surface with flat normal bundle in Ef dehned 
by fl2.9p . Thus, we have 62 ; 63 , 64 ) = ^-^ 2(^11 + ^ 22 ) = 0 which implies that 

= 0 or hl^ = -hl 2 ^ 0 . 

Case 1. = 0- Now considering the second equation in fl2.14p the general solution 

of xw' — wx' = 0 is X = cqw, where cq is constant. Hence, M is a timelike regular 

cone in the Minkowski space E^. For cq = 0, it can be easily seen that M is an open 

part of the timelike 2 ;tc-plane. We suppose that Cq 7 ^ 0. If we parametrize the line 

X = CqW with respect to arc length parameter s, we then have w{s) = ± -\- wq 

_ yi -gp 

and x(s) = ± P . s + cqWq, wq,cq G M with Cn < 1. Thus, from (I2.13p - (l2.16p we 
V1“' 

obtain that 


h?i = 0, 

1.3 Co(a2 + 62) 

Vl - cg(«'c2 + h^)w 

^12 ~ 0) 

hfj = 0, i,j = 1,2, 

<^12(61) = 0, 

, , 1 

1^12(62) - ± n -2 ’ 

a/1 - c^w 

1^34(61) = 0, 

^(a^4 + V)w- 


(3.15) 


Therefore, using the equations fl2.19l) and fl3.ip the Laplacian of the Gauss map v = 
63 A 64 is given by 


Ai/ =\\h\\^i> + h 22 Wi 2 (e 2 )ei A 64 - ^ 22 ^ 34 ( 62)62 A 63 . (3.16) 


Assume that M has pointwise 1-type Gauss map of the second kind. Then there 
exists a smooth function / and nonzero constant vector C such that fll.ll) is satisfied. 




































On rotational surfaces with pointwise 1-type Gauss map 


12 


Therefore, from fll.ip and fl3.16l) we get 

/(l + C'34)=||h|r = (hy^ (3.17) 

/C'i4 = — /l22Wi2(e2), (3.18) 

/C '23 = “ ^^*^ 34 ( 62 ), (3.19) 

^^12 =^^13 = ^^24 = 0. (3.20) 

It follows from fl3.15p . fl3.18p and fl3.19p that 7 ^ 0 and C '23 7 ^ 0. Now, from fl3.18p 
and 03.191) we have 

|^34(e2)C'i4 — Ci;i2(e2)C'23 = 0. (3-21) 

On the other hand, for i = 2 eqnation 03.4p implies 

<^ 34 ( 62)014 + 0212 ( 62)023 = 0. (3.22) 

Thns, considering 03.15P the solntion of eqnations 03.211) and 03.221) gives O 14 = O 23 = 
0 which is a contradiction. That is, Cq = 0, and thus a: = 0. Therefore M is an open 
part of a timelike ztc-plane. 

Case 2. /i |2 = —hh 7 ^ 0, that is, M is a pseudo-umbilical timelike surface in E^. 
Now we will show that M has no pointwise 1-type Gauss map of the second kind. 
Note that for this case h ^2 7^ 0- it were zero, then M would be a cone obtained 
in Case 1 which is not pseudo-umbilical. Similarly, considering 03.ip and using the 
Codazzi equation 02.19P we obtain the Laplacian of the Gauss map n as 

Az 2 =||h||^z 2 + 2 hi 2 a; 34 (e 2 )ei A 64 + 2 / 1110234 ( 62)62 A 63 . (3.23) 


Suppose that M has pointwise 1-type Gauss map of the second kind. Thus, (Ea 
is satished for some function / 7 ^ 0 and nonzero constant vector C. From 01.ip . 03. 2 p 
and 03.23P we have 


f{lyC,,)=\\h\\\ (3.24) 

/Ci4 = - 2 / 1 ^ 20234 ( 62 ), (3.25) 

/C 23 = 2 / 2 - 110234 ( 62 ), (3.26) 

C 12 =Ci 3 = C 24 = 0. (3.27) 


From 03.25P and 03.26p it is seen that Cu 7 ^ 0 and C 23 7 ^ 0. Equations 03.25P and 
03.26P imply that 


hiiCu + /li2C23 — 0. 


(3.28) 


From 03. 3p for / = 1, we also obtain that 

hf^Cu - /inC'23 = 0. (3.29) 

Hence, equations 03.28p and (I3.29p give that hf 2 = hf^ = 0, (h 22 = 0), that is, M is 
an open part of the timelike zw-p\ane. 

From Remark 11.11 the converse of the proof is trivial. □ 
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Corollary 3.11. There exists no a non-planar timelike rotational surface in de¬ 
fined by fl2.9l) with flat normal bundle and pointwise 1-type Gauss map of the second 
kind. 


Theorem 3.12. A timelike rotational surface with zero mean curvature and nonflat 
normal bundle in Ef defined by (12.91) has no pointwise 1-type Gauss map of the second 
kind. 


Proof. Let M be a timelike rotational surface in Ef defined by fl2.9l) and {ei, 62 , 63 , 64 } 
be an orthonormal moving frame on M in Ef given by fl2.10l) - fl2.12|) . Then the 
coefficients of the second fundamental form are given by fl2.13p and fl2.14p . Since 
the mean curvature is zero and its normal bundle is nonflat, from (I2.17p and (I2.18p 
we have hf^ = h \2 and 62 ; 63 , 64 ) = ^^ 2(^11 + ^ 22 ) = 7 ^ 0- Hence the 

Laplacian of Gauss map z/ = 63 A 64 from fl3.ip is given by 

Az/ =\\h\\^v — 4 / 1 ^ 2 ^ 11^1 62 - (3.30) 


We assume that M has pointwise 1-type Gauss map of the second kind. Therefore, 
from fll.ll) . 03.21) and 03.301) we have 


/(l + C34)=||Air = 2(A;i)=-2(;4)=, 

/C,2 


Cl3 —Cl4 — C23 — C24 — 0 


(3.31) 

(3.32) 

(3.33) 


from which we have C 12 f 0. Gonsidering 03.41) and 03.71) for z = 2 we obtain 
^ 22^12 + ^ 12^*34 = 0 and /ii 2 C'i 2 — = 0. The solution of these equations gives 

C 12 = 0 which is a contradiction. Therefore, the Gauss map v is not of pointwise 
1-type Gauss map of the second kind. □ 


4 Rotational surfaces in with pointwise 1—type 
Gauss map 

In this section, we determine the rotational surfaces in the pseudo-Euclidean space 
E 2 defined by 02 . 211 ) and 02 . 22 p with pointwise 1-type Gauss map. 

Theorem 4.1. Let Mfih) be a non-planar regular rotational surface with zero mean 
curvature in E 2 defined by 02 . 2 ip . Then, 

i. for some constants Aq 7 ^ 0 and po, the regular surface Mi(l) with the profile 
curve a whose components satisfy 

{w{s) + y{s))'^ + Ao(«z(s) - y{s)f = po (4.1) 


has pointwise 1-type Gauss map of the second kind. 
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ii. for b ^ 1, the timelike surface Mi{b) has pointwise 1-type Gauss map of the 
second kind if and only if the profile curve a is given by y{s) = bo^w^s))"^^ for 
some constant 6 o 7 ^ 0 . 

Proof. Assume that Mi{b) is a non-planar regular rotational surface with zero mean 
curvature in E 2 dehned by fl2.2ip . From equation fl3.ip . the Laplacian of the Gauss 
map of the rotational surface Mi{b) is given by 

Au =||h||^i^ + 2h\2{s*h\2 — sh\.^)ei A 62 

+ ^> 34 ( 61 )+ £*h^2)o 63 + i^ee*e2{h\i) + e 2 (h 22 ))e 2 A 64 . (4-2) 

Since the mean curvature of Mi{b) is zero, equation (I4.2p becomes 

Av = \\h\\^v — 4:eh\.^h\2ei f\ £ 2 - (4.3) 

Suppose that Mi{b) has pointwise 1-type Gauss map of second kind. Gomparing 
(11.ip and (14.3p . we get 

f{l + ee*C^,) = \\h\\\ (4.4) 

fCi2 = -^e*hl,h\2, (4.5) 

Gi 3 = Cii = G 23 = G 24 = 0. (4.6) 

For f = 1, 2, from (13.4p and (I3.5p . we have 

h?iGi 2 + ^^2^34 = 0, (4.7) 

^ 12^*12 + ^^1^34 = 0. (4.8) 

Since the Gauss map n is of the second kind, equations (14.71) and (14. 8 p must have 

nonzero solution which implies {h\iY ~ (^ 12 )^ = 0- Gonsidering the hrst equations in 
(I2.26P and (I2.27P we have (5^ — l)fp‘y‘^{s)w'‘^{s) — w‘^{s)y'‘^{s)) = 0, that is, 6 = 1 or 
h'^y'^{s)w'‘^{s) — w'^{s)y'‘^{s) = 0. 

If 6 = 1, it was shown that the components of the prohle curve a of the surface 
Mi(l) with zero mean curvature satisfy equation (14.11) . [2]. In this case, from (I2.26p 
and (12.271) it can be seen easily that h ^2 = —Hence, by using equations 
(14.41) . (14.51) and (14.71) . we hnd G 12 = —G 34 = —^ and / = — 8 e(/i| 2 )^- Since a 
is a plane curve, ^22 = /«, where is a curvature of the curve a. Thus, the Gauss 
map V of Mi(l) satishes (II.ip for the function / = —SetP and the constant vector 
C = — ^ei A 62 — |e 3 A 64 . This completes the proof of (a). 

If b‘^y‘^{s)w'^{s) — tc^(s)j/'^(s) = 0 and 6 7 ^ 1, then we have y{s) = bo{w{s))^'^, 
where bo is nonzero constant. Also, the rotational surface Mi{b) with this prohle 
curve a is timelike, i.e., ee* = —1. Hence, from the hrst equations in (I2.26P and 
(I2.27j) . we get hf 2 = By using equations (14.41) . (14.51) and (14.7p . we get the 

function / = —SsKf and the constant vector C = ±|ei A 62 — ^63 A 64 . 

The converse of the proof is followed from a direct calculation. This completes 
the proof of (b). □ 
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Similarly, we can state the following theorem for the rotational snrface M 2 {b) 
dehned by fl2.22p in the psendo-Enclidean space 

Theorem 4.2. Let M 2 {b) be a non-planar regular rotational surface with zero mean 
curvature in E 2 defined by fl2.22p . Then, 

i. for some constants Aq 7^ 0 and po, the regular surface M2(l) with the profile 
curve fi whose components satisfy 

{x{s) + z{s)f + Ao(x(s) - 2 :(s))^ = po (4.9) 

has pointwise 1-type Gauss map of the second kind. 

a. for b ^ 1, the spacelike surface M 2 (6) has pointwise 1-type Gauss map of the 
second kind if and only if the profile curve (3 is given by 2 :(s) = for 

some constant bo 0. 

Note that considering eqnation fl4.3p . if the Ganss map u of the rotational snrface 
Ml (6) and M 2 (6) were of the hrst kind which implies that hh = 0 or hi 2 = 0, then 
Miifi) and M 2 (6) wonld be lying in 3-dimensional psendo-Enclidean space. 

Corollary 4.3. A rotational surface in the pseudo-Euclidean space E 2 defined by 
fl2.2ip or fl2.22p with zero mean curvature has no pointwise 1-type Gauss map of the 
first kind. 
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